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ABSTRACT
Asymmetric Information Acquisition in Credit Auctions
by Michael Tröge
The intensity of credit screening in a banking duopoly is endogenized under two
different assumptions. In the first case each bank observes its competitior's investment
in information acquisition before making a credit offer. In the second case information
acquisition and bidding in the credit market take place simultaneously. The paper shows
that the first assumption leads to asymmetric situations where one bank specializes in
information acquisition, whereas in the second case we have symmetric equilibria.
Welfare and the firm's profit are higher in the symmetric case. This means that
anonymous banking markets are more competitive than markets where banks have good
information about each others.
ZUSAMMENFASSUNG
Informationserwerb in Kreditauktionen
Der Artikel untersucht die Anreize von Banken in einem Duopol Kreditwürdigkeits-
prüfungen durchzuführen unter zwei unterschiedlichen Annahmen. Einmal wird ange-
nommen, daß die Banken jeweils wissen wie gut der Wettbewerber die
Kreditwürdigkeit einer Firma untersucht hat. Im zweiten Fall finden
Kreditwürdigkeitsprüfungen und das Kreditangebot gleichzeitig statt, so daß keine
Information ausgetauscht werden kann. In dem Aufsatz wird gezeigt, daß die erste
Annahme zu asymmetrischen Situationen führt, in denen eine Bank sich auf die Firma
spezialisiert und sehr genaue Kreditwürdigkeitsprüfungen durchführt, wohingegen die
andere Bank keine Anreize mehr hat, sich Informationen über die Firma zu beschaffen.
Bei simultaner Wahl von Kreditwürdigkeitsprüfungen und Kreditangebot ergeben sich
symmetrische Gleichgewichte. Es kann gezeigt werden, daß sowohl die Wohlfahrt als
auch die Firmenprofite im zweiten Fall höher sind, d.h. der Wettbewerb in anonymen
Märkten ist stärker als in Märkten, in denen Banken gute Informationen über das
Verhalten der Wettbewerber haben.
4 Lqwurgxfwlrq
Wkh hruw lqyhvwhg e| edqnv lq hydoxdwlqj wkh fuhglwzruwklqhvv ri wkhlu folhqwv lv dq lpsru0
wdqw idfwru ghwhuplqlqj wkh doorfdwlrq ri fdslwdo lq dq hfrqrp|1 Wklv lv hvshfldoo| wuxh iru
frxqwulhv zlwk edqn grplqdwhg qdqfldo v|vwhpv olnh Jhupdq|/ exw dv Pd|hu +4<;;, kdv
srlqwhg rxw hyhq lq wkh vwurqjo| pdunhw rulhqwhg hfrqrplhv ri Dqjor0Vd{rq frxqwulhv/ edqnv
surylgh wkh eljjhvw sduw ri h{whuqdo qdqfh1
Wklv sdshu dqdo|}hv krz wkh lqfhqwlyhv wr lqyhvw lq fuhglwzruwklqhvv whvwv ghshqg rq wkh
lqirupdwlrq edqnv srvvhvv derxw hdfk rwkhu dqg vkrzv krz wklv lq wxuq zloo dhfw fuhglw
pdunhw frpshwlwlrq1 Wkh pdlq uhvxow ri wkh sdshu lv wkdw forvh uhodwlrqvklsv ehwzhhq edqnv/
zlwk jrrg nqrzohgjh derxw hdfk rwkhu*v dfwlylwlhv zloo ohdg wr d vshfldol}dwlrq ri d vlqjoh
edqn rq rqh up1 Rqh edqn zloo dftxluh d orw ri lqirupdwlrq derxw wkh up/ zkhuhdv wkh
frpshwlwruv kdyh qr lqfhqwlyhv wr dftxluh yhu| jrrg lqirupdwlrq1 Ehlqj dzduh ri wkh idfw
wkdw wkhuh lv douhdg| d edqn vshfldol}dwlrq rq d jlyhq up wkh| nqrz wkdw frvwo| lqirupdwlrq
dftxlvlwlrq zloo qrw eh zruwkzkloh1 Khqfh lqirupdwlrq zlwk dv|pphwulf txdolw| hqgrjhqrxvo|
dulvhv1
Lq frqwudvw/ li wkh edqnlqj pdunhw lv dqrq|prxv dqg edqnv kdyh qr lqirupdwlrq derxw
wkhlu frpshwlwruv* vfuhhqlqj hruw/ hyhu| edqn zloo lqyhvw wkh vdph hruw lq fuhglwzruwklqhvv
whvwv1 Wkh sdshu vkrzv wkdw wklv fdvh lv lqirupdwlrqdo pruh h!flhqw dv zhoo dv pruh frp0
shwlwlyh wkdq wkh dv|pphwulf vlwxdwlrq1 Pruh upv duh qdqfhg dqg wkh h{shfwhg lqwhuhvw
udwhv iru wkh upv duh orzhu1
Wklv hhfw frxog h{sodlq/ zk| lq frxqwulhv olnh Jhupdq| ru Mdsdq/ zkhuh rqo| d ihz
edqnv frrshudwh forvho| dqg hqwhuwdlq foxeolnh uhodwlrqvklsv zlwk hdfk rwkhu/ w|slfdoo| upv
duh dvvljqhg wr rqh krxvhedqn1 Riwhq wkhvh forvh dqg orqj odvwlqj uhodwlrqvklsv kdyh ehhq
vhhq dv rqh ri wkh idfwruv ri wkhvh frxqwulhv hfrqrplf vxffhvv1 Dv wklv sdshu vkrzv/ krzhyhu/
vshfldol}dwlrq ri edqnv lv qrw qhfhvvdulo| ehqhfldo1
Wkh sdshu eulqjv wrjhwkhu wzr vwudlqv ri wkh olwhudwxuh rq edqnlqj= wkh glvfxvvlrq ri wkh
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ehqhwv ri edqnlqj uhodwlrqvklsv yhuvxv wkh gdqjhu ri d krog xs dqg wkh sdshuv wu|lqj wr
hqgrjhql}h wkh vfuhhqlqj hruw ri edqnv1
Wkh olwhudwxuh rq edqn up uhodwlrqvklsv kdv dqdo|}hg wkh hhfw ri dv|pphwulf lqirupd0
wlrq ehwzhhq edqnv1 Prvw h{lvwlqj olwhudwxuh kdv dvvxphg wkdw/ zkhuhdv edqnv duh frpsohwho|
frpshwlwlyh dw wkh rxwvhw/ lqirupdwlrq vsrqwdqhrxvo| dftxluhg gxulqj d ohqglqj uhodwlrqvkls
fdq ohdg wr dq h{ srvw prqrsro| vlwxdwlrq1 Wklv dssurdfk kdv ehhq slrqhhuhg e| Vkdush
+4<<3,1 Kh frqvwuxfwv d pxowlshulrg prgho ri d ohqglqj uhodwlrqvkls zkhuh edqnv fdq df0
txluh uhsxwdwlrq qrw wr h{sorlw wkhvh lqirupdwlrqdo dgydqwdjh dw wkh eruurzhu*v h{shqvh dqg
lpsohphqw vrfldoo| rswlpdo lqyhvwphqw1 Ilvfkhu +4<<3, dqg Udmdq*v +4<<5, frqvwuxfw pruh
hoderudwh prghov/ wudglqj r wkh ehqhwv ri d ohqglqj uhodwlrqvkls yhuvxv wkh gdqjhu ri h{
srvw uhqw h{wudfwlrq1
Wklv sdshu vkrzv wkdw edqnv duh qrw qhfhvvdulo| shuihfwo| frpshwlwlyh dqg h{sodlqv zk|
edqnv duh deoh wr hduq uhqwv/ zklfk zloo qrw eh frpshwhg dzd| h{ dqwh1 Wdnlqj wkh vfuhhqlqj
hruwv lqwr dffrxqw/ upv pd| lq idfw eh wudsshg lq dq lqirupdwlrqdo prqrsro| zlwk d edqn/
hyhq ehiruh d ohqglqj uhodwlrqvkls ehjlqv1
D jurzlqj olwhudwxuh kdv wulhg wr prgho wkh lqfhqwlyhv ri edqnv wr dftxluh lqirupdwlrq eh0
iruh jlylqj d ordq/ exw irfxvvhg rq v|pphwulf htxloleuld1 Prvw ri wkhvh sdshuv xvh wkh vhdohg
elg frpprq ydoxh dxfwlrq dssurdfk wr edqn frpshwlwlrq/ lqlwldwhg e| Eurhfnhu +4<;<,1 Ul0
rugdq +4<<6, hqgrjhql}hv wkh dffhswdqfh ohyho ri edqnv/ exw lq klv sdshu wkh lqirupdwlyhqhvv
ri wkh fuhglwzruwklqhvv whvwv lv vwloo h{rjhqrxv1 Ndqqldqhq dqg Vwhqedfnd +4<<;, wu| wr
frpsohwho| hqgrjhql}h wkh vfuhhqlqj hruw dqg dqdo|}h wkh vrfldoo| lqh!flhqw glvwruwlrqv ri
wkh edqnv vfuhhqlqj hruw fdxvhg e| frpshwlwlrq1 Lq d vlplodu vhwwlqj/ Jhkulj +4<<;, vkrzv
wkdw li lqirupdwlrq dftxlvlwlrq lv wdnhq lqwr dffrxqw/ prqrsrolvwlf rxwfrphv duh vwdeoh zlwk
uhvshfw wr frpshwlwlrq1
Lq idfw hqgrjhql}lqj wkh lqirupdwlrq dftxlvlwlrq ri elgghuv lv vwloo dq xqvroyhg sure0
ohp lq jhqhudo dxfwlrq wkhru|1 Pdwwkhzv +4<;8, kdv irupxodwhg dq dxfwlrq zlwk elgghuv
ri dv|pphwulf lqirupdwlrq dqg hqgrjhqlvhg wkh lqirupdwlrq dftxlvlwlrq lq wkh frqwh{w ri
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sxuh frpprq ydoxhv dqg forvhg elgglqj1 Ghvslwh dvvxplqj d txlwh vlpsolhg lqirupdwlrq
dftxlvlwlrq whfkqrorj|/ kh lv qrw deoh wr hqvxuh wkh h{lvwhqfh ri dq htxloleulxp1 Rqh zd|
wr jhw durxqg wkh pdwkhpdwlfdo gl!fxowlhv lv wr dvvxph d glvfuhwh lqirupdwlrq dftxlvlwlrq
whfkqrorj| dqg vroyh wkh pl{hg htxloleulxp vwudwhjlhv1 Wklv lv krz Kdxvfk dqg Ol +4<<6,
surfhhg1 Uxfnhv +4<<;, kdv dgdswhg wklv phwkrg iru prgholqj edqnlqj frpshwlwlrq1 Kh lv
deoh wr vkrz wkdw frpshwlqj edqnv zloo fkdqjh wkhlu fuhglw vwdqgdugv zlwk wkh txdolw| ri wkh
upv lq wkh pdunhw1 Li wkhuh duh d orw ri jrrg upv wkh| zloo eh pxfk pruh ohqlhqw wkdq li
wkh ulvn ri fuhglw orvvhv lv kljk1
Rxu sdshu xvhv d frpprq ydoxh/ vhdohg elg vhwwlqj iru prghoolqj lpshuihfw fuhglw pdunhw
frpshwlwlrq zlwk dv|pphwulf lqirupdwlrq1 D gxrsro| lv frqvlghuhg/ lq zklfk wkh txdolw| ri
erwk edqnv* lqirupdwlrq fdq eh ydulhg frqwlqxrxvo| dqg lqghshqghqwo|1 Wkh prgho lqfoxghv
wkhuhiruh wkh Uxfnhv +4<<;, gxrsro| prgho/ zkhuh edqnv kdyh lqirupdwlrq ri v|pphwulf
txdolw|/ dv zhoo dv wkh Ilvfkhu +4<<3,2Udmdq +4<<5, prghov/ zkhuh d shuihfwo| lqiruphg edqn
frpshwhv djdlqvw d frpsohwho| xqlqiruphg rqh1
Wkh sdshu pd| dovr eh lqwhuhvwlqj iru jhqhudo dxfwlrq wkhru|1 Ghvslwh wkh vlpsoh vwuxfwxuh
ri wkh prgho/ lqirupdwlrq dftxlvlwlrq fdq eh d vwudwhjlf vxevwlwxwh dv zhoo dv d vwudwhjlf
frpsohphqw/ ghshqglqj rq wkh h{ dqwh txdolw| ri wkh vdpsoh1
Wkh qh{w vhfwlrq suhvhqwv wkh dxfwlrq prgho ri fuhglw pdunhw frpshwlwlrq1 Zh ghulyh
wkh htxloleulxp iru wkh elgglqj vwdjh lq vhfwlrq wkuhh dqg hqgrjhql}h wkhq wkh lqirupdwlrq
dftxlvlwlrq lq wkh vhtxhqwldo dqg vlpxowdqhrxv pryh jdphv lq vhfwlrq irxu1 Lq wkh iwk
vhfwlrq zh hydoxdwh wkh lpsdfw rq zhoiduh dqg wkh up*v frvw ri qdqflqj dqg wkh odvw
vhfwlrq frqfoxghv1
5 Wkh prgho
Wkh pdunhw frqvlvwv ri wzr edqnv frpshwlqj wr jlyh d fuhglw wr rqh up1 Wkh vl}h ri wkh
ordq lv qrupdol}hg wr rqh1 Wkh up kdv dq lqyhvwphqw surmhfw/ zklfk lv jrlqj wr vxffhhg
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zlwk suredelolw| b1 Lq wklv fdvh wkh up*v uhwxuq lv fc zkhuhdv wkh xqvxffhvvixo surmhfwv
uhwxuq qrwklqj dqg wkh up jrhv edqnuxsw1
E| wdnlqj d forvh orrn dw wkh up/ iru h{dpsoh e| h{dplqlqj wkh errnv/ dqdo|}lqj wkh
ihdvlelolw| ri wkh up*v surmhfw dqg hydoxdwlqj wkh txdolw| ri wkh up*v vwd/ edqnv duh deoh
wr jhw ehwwhu lqirupdwlrq derxw zkhwkhu wkh up lv jrlqj wr eh vxffhvvixo1 Krzhyhu/ wklv
lqirupdwlrq zloo qrw frph zlwkrxw frvw1
Wklv vlwxdwlrq lv prghohg e| dvvxplqj wkdw edqnv duh htxlsshg zlwk d frvwo| lqirupdwlrq
surgxfwlrq whfkqrorj|1 Lqyhvwlqj ^2 lq lqirupdwlrq dftxlvlwlrq/ d edqn lqghshqghqwo| uh0
fhlyhv zlwk suredelolw| ^ d shuihfw vljqdo derxw wkh txdolw| ri wkh up1 Wklv phdqv wkdw zlwk
suredelolw| ^ wklv edqn zloo nqrz zlwk fhuwdlqw| li wkh up lv jrlqj wr vxffhhg ru qrw/ zkhuhdv
zlwk suredelolw|   ^ wkh edqn grhv qrw uhfhlyh dgglwlrqdo lqirupdwlrq1 Lw lv lpsruwdqw wr
qrwh wkdw wkh| gr qrw nqrz zkhwkhu wkh frpshwlwruv kdyh uhfhlyhg dq| lqirupdwlrq1
Krzhyhu/ edqnv pd| ru pd| qrw revhuyh wkh frpshwlwru*v lqyhvwphqw lq lqirupdwlrq df0
txlvlwlrq/ l1h1 wkh txdolw| ri wkh frpshwlwru*v lqirupdwlrq1 Lq qduurz pdunhwv zlwk jrrg
uhodwlrqvklsv ehwzhhq wkh edqnv/ lw vhhpv uhdvrqdeoh wr dvvxph wkdw wkh| nqrz wkh sured0
elolw| ^c zlwk zklfk wkh frpshwlwruv uhfhlyh lqirupdwlrq derxw d jlyhq up1 Lq wklv fdvh/ wkh
fkrlfh ri ^ kdv wr eh prghohg dv dq lqghshqghqw uvw vwhs ri wkh jdph1 Ehiruh wkh rhuv duh
pdgh lq wkh vhfrqg vwhs/ ^ zloo eh uhyhdohg dqg fdqqrw eh fkdqjhg dq|pruh1 Wkh lqyhvwphqw
kdv wkhuhiruh frpplwphqw ydoxh1 Wklv lv wkh dssurdfk wdnhq lq wkh uvw sduw ri wklv sdshu1
Lw zloo eh vkrzq wkdw wklv ohdgv wr dv|pphwulf vlwxdwlrqv zklfk duh ohvv frpshwlwlyh1
Dowhuqdwlyho|/ wkh lqyhvwphqw lq lqirupdwlrq dftxlvlwlrq dqg wkh ghflvlrq derxw wkh rhu
fdq eh prghohg dv vlpxowdqhrxv fkrlfhv lq d rqh vwhs jdph zlwk wzr ghflvlrq yduldeohv1 Wklv
lv wkh pruh dssursuldwh zd| ri prghoolqj dqrq|prxv pdunhwv zlwk d orw ri edqnv zkhuh
lw fdqqrw eh dvvxphg wkdw hyhu| edqn nqrzv krz zhoo lqiruphg wkh frpshwlwruv duh1 Lq
wkh vhfrqg sduw ri wklv sdshu/ lw zloo eh vkrzq wkdw wklv jdph ohdgv wr pruh frpshwlwlyh
v|pphwulf htxloleuld1
Ghshqglqj rq wkhlu lqirupdwlrq/ wkh edqnv pd| rhu wkh up d fuhglw/ dvnlqj iru wkh
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uhsd|phqw ri K lq fdvh ri vxffhvv1 Dv wkh lqyhvwphqw kdv ehhq qrupdol}hg wr rqh/ wklv
fruuhvsrqgv wr dq lqwhuhvw udwh ri K   Wkh elgglqj lv dvvxphg wr eh forvhg l1h1 edqnv gr
qrw nqrz wkh frpshwlwru*v elgv qru wkh idfw wkdw wkh frpshwlwru kdv pdgh dq rhu1
Lw lv fohdu wkdw zkhqhyhu d edqn kdv uhfhlyhg wkh lqirupdwlrq wkdw wkh up lv jrlqj wr
idlo lw zloo qrw pdnh d fuhglw rhu1 Dffruglqjo| zkhq d edqn nqrzv wkdw wkh surmhfw lv jrlqj
wr vxffhhg lw zloo dozd|v rhu fuhglw1 Lq fdvh d edqn kdv uhfhlyhg qr dgglwlrqdo lqirupdwlrq
lw pd| ru pd| qrw rhu fuhglw/ ghshqglqj rq wkh h{ dqwh suredelolw| ri vxffhvv ri d up1
Zkhq ghflglqj derxw wkh lqwhuhvw udwh/ d edqn idfhv d wudgh0r ehwzhhq d kljkhu surw lq
wkh fdvh ri zlqqlqj dqg d kljkhu suredelolw| ri zlqqlqj exw d orzhu lqwhuhvw udwh1 Vlplodu wr
rwkhu dxfwlrqv zlwk glvfuhwh ydoxhv/ wklv jdph kdv qr htxloleulxp lq sxuh vwudwhjlhv1 Li rqh
edqn zhuh dozd|v elgglqj wkh vdph lqwhuhvw udwh/ wkh ehvw uhvsrqvh ri wkh rwkhu edqn zrxog
eh hlwkhu wr voljkwo| xqghufxw wklv elg ru wr dozd|v elg wkh kljkhvw srvvleoh dprxqw1 Fohduo|/
lq erwk fdvhv wkh uvw edqn*v elg lv qrw rswlpdo1
6 Elgglqj Htxloleulxp
Lq wklv vhfwlrq/ wkh elgglqj vwdjh ri wkh jdph lv vroyhg dvvxplqj wkdw wkh wzr edqnv kdyh
douhdg| uhfhlyhg lqirupdwlrq zlwk wkh suredelolwlhv ^ dqg ^2 5 Efc  Wkh vroxwlrq ri wkh
elgglqj jdph zloo eh xvhg wr vroyh wkh vlpxowdqhrxv dv zhoo dv wkh vhtxhqwldo jdph zlwk
lqirupdwlrq dftxlvlwlrq1 Zlwkrxw uhvwulfwlrq ri jhqhudolw| ^  ^2 lv lpsrvhg1
Dq elgglqj htxloleulxp lq pl{hg vwudwhjlhv fdq eh ghvfulehg e| wkh elgglqj ghqvlwlhv
8 EK ri edqn  lq fdvh lw kdv uhfhlyhg d jrrg vljqdo/ wkh suredelolw| > ri pdnlqj dq rhu
lq fdvh wkh edqn  kdv qrw uhfhlyhg d vljqdo dqg wkh glvwulexwlrq ri wkh elgv M EK lq fdvh
wkh edqn lv elgglqj zlwkrxw kdylqj uhfhlyhg d vljqdo1 Wkh surw ri d edqn ckdylqj uhfhlyhg
d jrrg vljqdo dqg elgglqj e/ fdq eh fdofxodwhg dv iroorzv=
Z
}
 EK ' EK 

^ E  8 EK n E ^

 >M EK

c c  ' c 2 +4,
Wklv lv wkh surw rq wkh fuhglw exvlqhvv EK  pxowlsolhg e| wkh suredelolw| ri jlylqj wkh
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ordq1 Li edqn  kdv uhfhlyhg d jrrg vljqdo/ wkh surmhfw pxvw eh vxffhvvixo1 Wklv phdqv wkdw/
li wkh frpshwlwru  dovr uhfhlyhv d vljqdo/ wklv pxvw eh d jrrg vljqdo1 Kh zloo wkhuhiruh pdnh
dq rhu zklfk/ zlwk suredelolw|   8 EK c zloo eh kljkhu wkdq wkh rhu K pdgh e| edqn 
Zlwk suredelolw|   ^ c edqn  zloo qrw uhfhlyh d vljqdo1 Lq wklv fdvh edqn  zloo pdnh dq
rhu zlwk suredelolw| >  Wklv rhu zloo qrw eh dffhswhg zlwk suredelolw|  M EK 
Wkh surw ri edqn c rhulqj fuhglw dw dq lqwhuhvw udwh ri K ghvslwh qrw kdylqj uhfhlyhg
d vljqdo/ fdq eh rewdlqhg zlwk vlplodu uhdvrqlqj=
Z
f

EK '  E b ^ n EK b^ E 8 EK n EbK  E  ^

 >M EK

c c  ' c2
+5,
Lq d pl{hg vwudwhj| htxloleulxp/ d edqn pxvw eh lqglhuhqw ehwzhhq elgv rq wkh vxssruw ri lwv
elgglqj glvwulexwlrq1 Wklv frqglwlrq ohdgv wr d vhw ri irxu htxdwlrqv zklfk/ iru ^ 9' ^2c kdyh
d xqltxh vroxwlrq1 Wkh htxloleulxp lv/ krzhyhu/ txlwh frpsolfdwhg Wkh iroorzlqj ghqlwlrqv
zloo idflolwdwh wkh suhvhqwdwlrq=
Ghqlwlrq 4 Wkh elgv Kc K2c wkh glvmxqfw lqwhuydov L   LD lq wkh elgglqj vsdfh/ dqg wkh
suredelolwlhv >K

dqg >S

duh ghqhg dv iroorzv=
>
K

G' 
E b
E ^ Ef   b
c >S

G' 
E b ^2
E ^ Efb  
c
K G'
  b^
b E ^
c K2 G'
  b^2
b E ^2
c
L G'

4c

b

c L2 G'


b
c K

c
L G' dKc K2 c Le G' dK2cf li K2 	 fc
LD G' dfc4 
+6,
Wkh dvvxpswlrq ^ 	 ^2 lpsolhv K 	 K2 Ghshqglqj rq zkhwkhu K : fc K 	 f 	 K2 ru
f : K2c wkh htxloleulxp wdnhv wkuhh txdolwdwlyho| glhuhqw irupv1
Sursrvlwlrq 5 +htxloleulxp vwudwhjlhv, Li wzr edqnv duh uhfhlylqj lqirupdwlrq zlwk sured0
elolw| ^ dqg ^2c f 	 ^ 	 ^2c wkh htxloleulxp lv ri wkh iroorzlqj irup=
:
d, Li f 	 Kc erwk elgghuv rqo| elg li wkh| kdyh uhfhlyhg d jrrg vljqdo1 Wkhlu elgv duh
glvwulexwhg dffruglqj wr=
8 EK '
;AAAA?
AAAAA=

^

 E ^
f  
K 

iru K 5 d^ nf  ^fcfo c
f iru K 	 ^ nf  ^fc
 iru K : fc
+7,
82 EK '
;AAAAA?
AAAAA=

^2

 E ^
f  
K 

iru K 5 d^ nf  ^fcfo c
f iru K 	 ^ nf  ^fc
 iru K : f
+8,
e, Lq wkh fdvh K 	 f 	 K2c edqn 4 elgv zlwk jrrg vljqdo dqg zlwk suredelolw| >
K

kdylqj
uhfhlyhg xqlqirupdwlyh vljqdov/ zkhuhdv edqn 5 rqo| elgv zlwk d jrrg vljqdo1 Wkh htxloleulxp
elgglqj glvwulexwlrqv duh=
8 EK '
;AAAAA?
AAAAA=
f iru K 5 Lc
bK 
b^ EK 
iru K 5 L2c
 iru K : L ^ Le ^ LDc
+9,
82 EK '
;AAAAA?
AAAAA=
f iru K 5 Lc
bK 
b^2 EK 
iru K 5 L2 ^ Lq dfc4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 iru K 5 dfc4 c
+:,
M EK '
;AAAAA?
AAAAA=
f iru K 5 L ^ L2c

>K


K
EK 

  b^
EK  E  ^b

iru K 5 Lc
 iru K 5 dfc4 
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f, Iru f : K2c erwk elgghuv elg zlwk jrrg dv zhoo dv zlwk lqfrqfoxvlyh vljqdov1 Edqn 5
zloo dozd|v elg/ hyhq lq wkh fdvh ri dq lqfrqfoxvlyh vljqdo/ zkhuhdv edqn 4 zloo rqo| elg
;
zlwk suredelolw| >S

diwhu kdylqj uhfhlyhg dq lqfrqfoxvlyh vljqdo1 Wkh htxloleulxp elgglqj
glvwulexwlrqv duh=
8 EK '
;AAAAA?
AAAAA=
f iru K 5 Lc
bK 
b^ EK 
iru K 5 L2c
 iru K : L ^ Le ^ LDc
+<,
82 EK '
;AAAAA?
AAAAA=
f iru K 5 Lc
bK 
b^2 EK 
iru K 5 L2 ^ Lc
 iru K : Le ^ LDc
+43,
M EK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;AAAAAAAAA?
AAAAAAAA=
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
K
EK 

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 E ^ b

iru K 5 Lc

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

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
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 iru K 5 LDc
+44,
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
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Surri1 vhh Dsshqgl{ D14
Wkh prvw uhohydqw fdvh lv d,1 Wkh frqglwlrq K : f lv htxlydohqw wr b 	

^nE3^f
c
zklfk dozd|v krogv li fb 	 c l1h1 li wkh vdpsoh ri upv lv vr edg wkdw/ zlwkrxw dgglwlrqdo
lqirupdwlrq/ lw lv h{ dqwh qrw zruwkzkloh wr qdqfh d up1 Hyhq li fb : c iru kljk ghjuhhv
ri lqirupdwlyhqhvv/ K : f vwloo krogv1
Vlwxdwlrq e, ru f, zkhuh edqnv elg rq lqfrqfoxvlyh vljqdov rqo| rffxu li wkh vdpsoh ri
upv lv yhu| jrrg/ l1h1 bf :  dqg wkh lqirupdwlrq ri wkh edqnv udwkhu orz1
Lq wkh fdvh d, wkh htxloleulxp glvwulexwlrq ixqfwlrqv gr qrw ghshqg rq b Iljxuh BB vkrzv
wkh glvwulexwlrq ixqfwlrq ri erwk edqnv lq wklv fdvh iru ^ ' fSc ^2 ' fH dqg f ' 1 Erwk
<
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Iljxuh 4= Fdvh d,= Elgglqj glvwulexwlrqv zlwk ^ ' fSc ^2 ' fH dqg f ' 
edqnv udqgrpl}h rq wkh vdph vxssruw1 Zh kdyh 82 Ef '
^
^2
	  Wklv phdqv wkdw wkh edqn
zlwk wkh ehwwhu lqirupdwlrq lv elgglqj wkh kljkhvw srvvleoh elg zlwk d srvlwlyh suredelolw|1
Lq h{shfwdwlrq/ lw lv dovr dvnlqj iru d kljkhu lqwhuhvw udwh1
Iljxuh BB vkrzv wkh elgglqj ixqfwlrqv lq wkh fdvh e,/ iru b ' fDec ^ ' fe/ ^2 ' f./
f ' 
Lq wklv fdvh/ wkh ohvv lqiruphg edqn zloo elg zkhq kdylqj uhfhlyhg dq lqfrqfoxvlyh vljqdo1
Krzhyhu/ lw zloo pdnh dq h{shfwhg surw ri }hur lq wkhvh fdvhv1
Iljxuh 6 vkrzv wkh vlwxdwlrq f, iru ^ ' fec ^2 ' fSc b ' fSc f '  Lq wklv fdvh/ wkh
edqn zlwk wkh ehwwhu lqirupdwlrq rhuv dozd|v d fuhglw h{fhsw li lw nqrzv wkdw wkh up lv
xqvxffhvvixo1 Lw pdnhv srvlwlyh h{shfwhg surw/ hyhq kdylqj uhfhlyhg dq lqfrqfoxvlyh vljqdo1
Wkh ohvv lqiruphg edqn rqo| elgv zlwk suredelolw| >

lq fdvh ri dq lqfrqfoxvlyh vljqdo dqg
grhv qrw pdnh dq h{shfwhg surw rq wkhvh elgv1
Wkh v|pphwulf htxloleulxp iru wzr htxdoo| zhoo lqiruphg edqnv zlwk ^ ' ^2 kdv ehhq
dqdo|}hg e| Uxfnhv +4<<;,1 Krzhyhu/ wkh htxloleulxp ghvfulehg lq klv sdshu lv qrw xqltxh1
Rqo| lq wkh fdvh d, wkhuh lv d xqltxh htxloleulxp ghvfulehg e| vhwwlqj ^ ' ^2 ' ^ lq htxdwlrq
71 Lq fdvh f,/ wkhuh lv d frqwlqxxp ri sd|r0htxlydohqw exw qrw zhoiduh0htxlydohqw htxloleuld=
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Iljxuh 6= Fdvh f,= Elgglqj glvwulexwlrqv iru ^ ' fec ^2 ' fScb ' fScf ' 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Fruroodu| 6 +Uxfnhv, Iru
b :

^ n E  ^f
+46,
wkhuh lv d vhw ri htxloleuld zkhuh/ kdylqj uhfhlyhg d jrrg vljqdo/ erwk edqnv duh elgglqj=1
8 EK '
;AAAAA?
AAAAA=
f iru K 5 Lc
bK 
b^ EK 
iru K 5 L2c
 iru K : L ^ Le ^ LD
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Kdylqj uhfhlyhg qr vljqdo/ rqh edqn lv elgglqj zlwk suredelolw| >
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wkh glvwulexwlrq ixqfwlrq=
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+48,
Wkh rwkhu edqn kdv wkhq wkh fkrlfh wr elg zlwk dq| suredelolw| >
2
5


E3b^
E3^Efb3
c 
l
dqg
wkh fruuhvsrqglqj glvwulexwlrq ixqfwlrq=
M2 EK '
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Wkh surw ri erwk edqnv lv Z ' ^ E  b 
Surri1 vhh Dsshqgl{ D14
Wkh edqnv zloo qrw pdnh surw zkhq elgglqj zlwkrxw kdylqj uhfhlyhg d jrrg vljqdo1
Wkhuhiruh/ wkh| duh lqglhuhqw ehwzhhq sduwlflsdwlqj dw wkh dxfwlrq ru qrw1 Rqh ri wkhp
fdq elg wkh kljkhvw ydoxh zlwk d srvlwlyh suredelolw| dqg sduwlflsdwh pruh riwhq lq wkh
dxfwlrq zlwkrxw fkdqjlqj wkh lqglhuhqfh frqglwlrq iru wkh rwkhu edqn1 Wklv zloo qrw fkdqjh
lwv surw/ exw lqfuhdvh wkh suredelolw| ri d up jhwwlqj qdqfh/ hyhq li erwk edqnv kdyh
uhfhlyhg dq lqfrqfoxvlyh vljqdo dqg wkhuhiruh lqfuhdvh vrfldo zhoiduh1
45
Wkh fdvh R ' fc R2 '  lv hvshfldoo| lqwhuhvwlqj1 Wklv lv wkh lqvlghu yhuvxv rxwvlghu
vlwxdwlrq/ dqdo|}hg e| Udmdq dqg Ilvfkhu/ zkhuh rqh edqn lv shuihfwo| lqiruphg derxw wkh
txdolw| ri wkh up/ zkhuhdv wkh rwkhu edqn kdv qr lqirupdwlrq1 Vrph ri wkh lqwhuydov L111
Le glvdsshdu/ wkhuhiruh wkh htxloleulxp lv qrw suhflvho| lqfoxghg lq sursrvlwlrq 51 Krzhyhu/
wkh htxdwlrqv 6/ : dqg ; vwloo ghvfuleh wkh htxloleulxp1
Fruroodu| 7 +Ilvfkhu2Udmdq, Li rqh edqn nqrzv wkh txdolw| ri wkh up/ zkhuhdv wkh rwkhu
lv xqlqiruphg/ wkh htxloleulxp vwudwhjlhv duh=
d, Iru bf 	 c wkh rxwvlghu lv qrw elgglqj1 Wkh lqvlghu lv elgglqj f lq fdvh kh jhwv d jrrg
vljqdo dqg rewdlqv wkh hqwluh vxusoxv1
e, Iru bf : c wkh rxwvlghu sduwlflsdwhv zlwk suredelolw| >K

'
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bEf3
c elgglqj=
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;AAAAA?
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c
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 Ef  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 Ebf  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 iru K 5 dfc4 
+4:,
Wkh lqvlghu elgv
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 '
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Surri1 Vhh Dsshqgl{ D14
Wkh odfn ri lqirupdwlrq grhv qrw phdq wkdw wkh rxwvlghu zloo qhyhu zlq wkh dxfwlrq/ dv
dvvxphg e| Vkdush +4<<3,1 Iurp 54/ zh vhh wkdw wkh rxwvlghu grhv qrw pdnh surwv/ exw
suhyhqwv wkh lqvlghu irup hduqlqj pruh wkdq dq h{shfwhg surw ri  b
Wkh htxloleulxp surwv fdq eh fdofxodwhg e| soxjjlqj edfn wkh htxloleulxp vwudwhjlhv
711145 lqwr wkh surw ixqfwlrqv 41115=
Sursrvlwlrq 8 Surri1
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Sursrvlwlrq 9 Lq fdvh d,/ wkh h{shfwhg surw lq fdvh ri kdylqj uhfhlyhg d jrrg vljqdo lv iru
erwk edqnv Z} ' Ef   E  ^ c  ' c 2 Wkh ryhudoo surwv duh wkhuhiruh
Z2 ' b^2 Ef   E  ^ c +4<,
Z ' b^ Ef   E  ^  +53,
Lq fdvh e,/ erwk edqnv pdnh d surw ri Z} '

b
  kdylqj uhfhlyhg d jrrg vljqdo dqg qr surw
zlwk dq lqfrqfoxvlyh vljqdo1 Khqfh
Z ' ^ E  b  ' c 2 +54,
Lq fdvh f,/ wkh surw diwhu d jrrg vljqdo lv Z} '

b
 1 Edqn wzr kdylqj uhfhlyhg dq
lqfrqfoxvlyh vljqdo lv pdnlqj d surw ri Zf
2
' E^2  ^ E  b c edqn rqh lv pdnlqj qr surw
lq fdvh ri dq lqfrqfoxvlyh vljqdo1 Wkh ryhudoo surwv duh wkhuhiruh
Z2 ' d^2 n E ^2 E^2  ^o E  b c +55,
Z ' ^ E b  +56,
Surri1 vhh Dsshqgl{ D14
7 Lqirupdwlrq Dftxlvlwlrq
714 Vhtxhqwldo Jdph
Wkh surw ri wkh edqnv ghshqgv rq wkh txdolw| ri wkh rzq lqirupdwlrq dv zhoo dv rq wkh
lqirupdwlrq ri wkh frpshwlwruv1 Lq rughu wr uhdol}h wkhlu surw lq wkh vhfrqg vwhs/ edqnv
kdyh wr lqyhvw ^2

lq lqirupdwlrq dftxlvlwlrq1 Xvlqj wkh surw irupxodv iurp sursrvlwlrq 9/
wkhlu ryhudoo sd|rv duh wkhuhiruh
 E^c ^2 ' Z  ^
2

c +57,
2 E^c ^2 ' Z2  ^
2
2
 +58,
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Iljxuh 7= Uhdfwlrq ixqfwlrqv lq fdvh d,= Vwudwhjlf vxevwlwxwhv
Ghshqglqj rq krz pxfk lqirupdwlrq lv dftxluhg/ wkh edqnv zloo eh lq vlwxdwlrq d, ru f,
iurp sursrvlwlrq 51 Vlwxdwlrq e, fdqqrw eh dq htxloleulxp rxwfrph1 Dv erwk edqnv kdyh wkh
vdph surw ixqfwlrq ghshqglqj rqo| rq wkhlu rzq hruw/ wkh htxloleulxp zrxog eh v|pphwulf
zklfk ylrodwhv wkh dv|pphwu| frqglwlrqv iru vlwxdwlrq e,1
Lqwhuhvwlqjo| lq wkh fdvhv d, dqg e, wkh upv* uhdfwlrq ixqfwlrqv duh txdolwdwlyho| glhuhqw1
Lq erwk fdvhv wkh lqirupdwlrq dftxlvlwlrq ri wkh edqn zlwk wkh orzhu lqirupdwlrqdo txdolw|
grhv qrw ixuwkhu ghshqg rq wkh frpshwlwruv hruw1 Krzhyhu wkh lqirupdwlrq dftxlvlwlrq ri
wkh edqn zlwk wkh kljkhu lqirupdwlrqdo txdolw| ghshqgv rq wkh rwkhu*v lqirupdwlrq1 Lq fdvh
d, lw ghfuhdvhv zlwk wkh frpshwlwru*v lqirupdwlrq/ zkhuhdv lq fdvh f, lw lqfuhdvhv1 Khqfh
lqirupdwlrq lv d vwudwhjlf vxevwlwxwh iru orz txdolw| upv dqg d vwudwhjlf frpsohphqw iru
kljk b ru f Iljxuhv 7 dqg BB vkrz wkh uhdfwlrq ixqfwlrq iru erwk fdvhv1
Sursrvlwlrq : d, Iru   b
2Ef33bEf23
bf3
ru bf 	 c wkh elgghuv zloo dftxluh wkh dprxqw
ri lqirupdwlrq
^W

'
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 b
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c +59,
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Iljxuh 8= Uhdfwlrq ixqfwlrqv iru fdvh f,= Vwudwhjlf frpsohphqwv
e, Iru  : b
2Ef33bEf23
bf3
dqg bf : cwkh htxloleulxp ohyhov ri lqirupdwlrq zloo eh=
^W

'
 b
2
c +5;,
^W
2
'
E bn e E b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 e
 +5<,
Surri1 Vhh Dsshqgl{ D15
Djdlq d, lv wkh prvw uhohydqw fdvh1 Uhpdundeo| hyhq li wkh frvw ri lqirupdwlrq dftxlvlwlrq
whqgv wr }hur wkh rxwvlghu zloo qrw dftxluh pruh lqirupdwlrq wkdq qhfhvvdu| wr uhfhlyh d
frqfoxvlyh vljqdo lq kdoi ri wkh fdvhv1 Lq sduwlfxodu/ wkhuh zloo dozd|v eh dq rxwvlghu dqg dq
lqvlghu1
715 Vlpxowdqhrxv Fkrlfh
Lq wklv vhfwlrq/ lw zloo eh dvvxphg wkdw wkh elgghuv gr qrw revhuyh wkh txdolw| ri hdfk rwkhu*v
lqirupdwlrq1 Wkhuhiruh/ lqirupdwlrq dftxlvlwlrq dqg elgglqj zloo eh prghohg wr wdnh sodfh
vlpxowdqhrxvo|1 Lw lv vkrzq wkdw d v|pphwulf htxloleulxp h{lvwv lq wklv fdvh1 D vwudwhj| iru
edqn  lq wkh vlpxowdqhrxv fkrlfh jdph frqvlvwv ri

Rc8cM c >

1 Lq htxloleulxp/ ghyldwlqj
iurp wklv vwudwhj| zkloh nhhslqj wkh rwkhu sod|huv vwudwhjlhv {hg/ vkrxog qrw eh surwdeoh1
49
Krzhyhu/ wkh surw ri edqn  lv qrw lq xhqfhg e| lwv fkrlfh ri lwv rzq glvwulexwlrq ixqfwlrqv
dqg >/ dv lw lv lqglhuhqw ehwzhhq dq| elgv rq wkh vxssruw dqg pdnhv d orzhu surw rxw
ri wkh vxssruw1 Rqfh edqn  kdv pdgh wkh ghflvlrq derxw lwv lqyhvwphqw lq lqirupdwlrq
dftxlvlwlrq/ lwv surw rqo| ghshqgv rq wkh frpshwlwruv* dfwlrqv1 Wkhuhiruh/ lq rughu wr suryh
wkdw d jlyhq vwudwhj| frpelqdwlrq lv dq htxloleulxp/ rqh rqo| kdv wr fkhfn wkdw vhfuhwo|
ghyldwlqj iurp wkh fkrlfh ri ^ grhv qrw lqfuhdvh wkh edqn*v surw1 Li doo rwkhu edqnv kdyh
lqyhvwhg ^c lwv surw dv d ixqfwlrq ri klv rzq fkrlfh ri ^ zloo eh lq fdvh d,
E^c ^ ' b^ Ef   E ^ ^
2

c +63,
dqg lq fdvh e,
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 +64,
Sursrvlwlrq ; d, Iru   b
2Ef33bEf23
bf3
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c +65,
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bf3
dqg bf : cwkh htxloleulxp ohyhov ri lqirupdwlrq zloo eh=
^W '
  b
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 +66,
Surri1 Ghulylqj zlwk uhvshfw wr ^ dqg lpsrvlqj v|pphwu| ohdgv wr wkh iroorzlqj frq0
glwlrqv iru dq htxloleulxp1
Y
^
E^c ^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 2^ ' fc +67,
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 2^ ' fc +68,
^W '
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 +69,
iru fdvh d, dqg
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E^c ^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2
c +6;,
iru fdvh f,1
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8 Zhoiduh
Lq fdvh d, edqnv duh rqo| qdqflqj li wkh| nqrz wkh surmhfw lv jrrg1 Wkhuhiruh/ qr prqh| zloo
eh orvw lq qdqflqj lqh!flhqw surmhfwv1 Lq wkh prgho/ kljk lqwhuhvw udwhv vlpso| uhglvwulexwh
wkh vxusoxv/ exw gr qrw fdxvh dq| zhoiduh ghfuhdvlqj glvwruwlrqv ri lqyhvwphqw ghflvlrqv1
Khqfh/ zhoiduh rqo| ghshqgv rq wkh suredelolw| ri d surmhfw ehlqj qdqfhg=
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Lq fdvh e, wkh surmhfw zloo doozd|v eh qdqfhg +uhfdoo wkdw wkh elgghu zlwk wkh ehwwhu
lqirupdwlrq zloo dozd|v pdnh d elg hyhq li kh kdv qrw uhfhlyhg d vljqdo,1 Xqghu wkhvh
flvfxpvwdqfhv/ wkhuh zloo eh zhoiduh orvvhv gxh wr wkh edg surmhfwv zklfk duh ehhlqj qdqfhg1
Krzhyhu dv dq|zd| doo surmhfwv zloo eh qdqfhg lqirupdwlq dftxlvlwlrq zloo eh d sxuh vrfldo
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Wkh iroorzlqj sursrvlwlrq frpsduhv wkh zhoiduh rswlpdo dprxqw ri lqirupdwlrq dftxlvl0
wlrq zlwk wkh htxloleulxp rxwfrph1 Lw kdv wr eh dvvxphg wkdw b Ef  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: c lq rughu
wr rewdlq dq lqwhulru vroxwlrq
Sursrvlwlrq < Lq fdvhg d, wkh rxwvlghu xqghulqyhvwv dqg wkh lqvlghu ryhulqyhvwv/ frpsduhg
wr wkh zhoiduh pd{lpl}lqj dprxqw ri lqirupdwlrq dftxlvlwlrq1 Wkh surwv ri erwk sod|huv duh
kljkhu wkdq lq wkh zhoiduh rswlpdo htxloleulxp1
Lq fdvh f, erwk sod|huv ryhulqyhvw1
Surri1 Ghulylqj htxdwlrq BB zlwk uhvshfw wr ^dqg ^2 dqg vroylqj wkh uvw rughu frqgl0
wlrqv |lhogv wkh zhoiduh pd{lpl}lqj dprxqw ri lqirupdwlrq dftxlvlwlrq=
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Vlpsoh fdofxodwlrqv uhvxow lq=
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Wkh surwv iru zhoiduh pd{lpl}lqj lqirupdwlrq dftxlvlwlrq duh
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Vlpsoh dojheudlf pdqlsxodwlrqv suryh wkdw=
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Lq wkh v|phwulf vlwxdwlrq/ wkh uvw rughu frqglwlrq BB wxuqv rxw wr eh lghqwlfdo wr frqglwlrq
68/ ghqlqj wkh htxloleulxp lqwhqvlw| ri lqirupdwlrq dftxlvlwlrq1 Wklv suryhv wkdw=
Sursrvlwlrq 43 Lq fdvh d, wkh edqnv fkrrvh wkh zhoiduh pd{lpl}lqj lqwhqvlw| ri lqirupdwlrq
dftxlvlwlrq lq wkh htxloleulxp1
Lq fdvh e, erwk edqnv ryhulqyhvw1
Wkh up*v dyhudjh surw fdq eh rewdlqhg e| vxewudfwlqj wkh edqnv* surw/ zklfk lv wzr
wlphv wkh surw ri rqh edqn/ jlyhq lq htxdwlrq 63/ iurp wkh wrwdo zhoiduh1 Iru fdvh d, wklv lv
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Iru fdvh e, zh rewdlq
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9 Frqfoxvlrq
Wkh prgho h{sodlqv zk| uhodwlrqvkls edqnlqj lv revhuyhg lq frxqwulhv zlwk d ihz forvho|
uhodwhg edqnv1 Vwudwhjlf lqirupdwlrq dftxlvlwlrq zloo ohdg wr dv|pphwulf vlwxdwlrqv/ zkhuh
rqo| rqh edqn vshfldol}hv rq d up1 Wklv edqn dftxluhv d orw ri lqirupdwlrq derxw wkh up1
Krzhyhu/ wkh up zloo qrw ehqhw iurp wklv lqirupdwlrq dftxlvlwlrq1 Wkh lqirupdwlrqdo
dgydqwdjh hqdeohv wkh krxvhedqn wr glvfrxudjh frpshwlwlrq dqg dvn iru kljk lqwhuhvw udwhv1
Zhoiduh zloo eh uhgxfhg1 Wkh rqo| zd| iru wkh upv wr suhyhqw wklv lqh!flhqf| lv wr nhhs
wkh srwhqwldo ohqghuv dqrq|prxv/ ru dw ohdvw wr lqklelw wkh h{fkdqjh ri yhuldeoh lqirupdwlrq
ehwzhhq wkhp1 Lq d qduurz edqnlqj pdunhw/ wklv zloo qrw eh srvvleoh1
Qrwh wkdw wkh hhfw lghqwlhg zlwk wklv prgho lv pruh jhqhudo1 Lq doprvw doo frpprq
ydoxh dxfwlrqv/ wkh elgghuv kdyh wkh srvvlelolw| wr lqirup wkhpvhoyhv pruh suhflvho| derxw
wkh wuxh ydoxh ri wkh remhfw1 D fodvvlfdo h{dpsoh kdv ehhq wkh vhoolqj ri rlo guloolqj uljkwv1
Vlploduo| wr wkh edqnlqj fdvh/ wkh vshfldol}dwlrq ri elgghuv pd| ghfuhdvh wkh vhoohu*v surw1
Prvw lpsruwdqwo|/ lw kdv ehhq ghprqvwudwhg wkdw jrrg uhodwlrqvklsv ehwzhhq edqnv dqg
jrrg lqirupdwlrq ri wkh edqnv derxw hdfk rwkhu zloo ohdg wr d vshfldol}dwlrq ri rqh edqn rq
d up1 Wklv edqn zloo dftxluh d orw ri lqirupdwlrq derxw wkh up dqg hvwdeolvk d krxvhedqn
uhodwlrqvkls1 Wkh rwkhu edqnv wkhq kdyh qr lqfhqwlyhv wr lqfuhdvh frpshwlwlrq e| dovr df0
txlulqj lqirupdwlrq derxw wkh up1 Wklv zrxog qrw kdsshq li wkh edqnv glg qrw nqrz wkh
frpshwlwruv* hruw wr dftxluh lqirupdwlrq1 Lq wklv fdvh wkh uvw ehvw lqirupdwlrq dftxlvlwlrq
hruw zrxog eh lqyhvwhg1 Khqfh frpshwlwlrq lq edqnlqj fdq eh uhgxfhg txlwh hdvlo|1 Lq rughu
wr sduwlwlrq wkh pdunhw qr wdflw frooxvlrq zlwk sxqlvkphqw wkuhdgv lv qhfhvvdu|/ foxe olnh
uhodwlrqvklsv ehwzhhq edqnv duh vx!flhqw1 Rqfh hvwdeolvkhg/ wljkw krxvhedqn uhodwlrqvklsv
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fdq dovr vhuyh dv d vljqdo wkdw wklv edqn lv douhdg| dq lqvlghu iru d jlyhq up dqg suhyhqw
rwkhu edqnv iurp dftxlulqj lqirupdwlrq derxw wklv up1 Wkh erdug phpehuvkls ri d edqnhu
pd| eh dq hvshfldoo| fohdu vljqdo1
D Dsshqgl{
+vnhwfk| dqg lqfrpsohwh,
D14 Surri ri sursrvlwlrq 5/ 9/ 7 dqg 6
Lq rughu wr yhuli| wkdw wkh glvwulexwlrq ixqfwlrqv </ 43/44 dqg 45 frqvwlwxwh dq htxloleulxp lw
kdv wr eh vkrzq wkdw edqn zlwk d jlyhq lqirupdwlrq lv lqglhuhqw rq wkh vxssruw dqg pdnhv
orzhu surwv iurp elgglqj rxwvlgh wkh vxssruw1 Wkh jhqhudo surfhgxuh zloo eh vnhwfkhg iru
edqn 5 lq fdvh f, ri sursrvlwlrq 5/ wkh rwkhu fdvhv fdq eh wuhdwhg dffruglqjo|1
l, lqfrqfoxvlyh vljqdo= Li edqn 5 kdv uhfhlyhg dq lqfrqfoxvlyh vljqdo1 lw lv vxssrvhg
wr elg zlwk wkh glvwulexwlrq 45 rq wkh vxssruw Le Lw kdv wr eh fkhfnhg wkdw lw lv lqglhuhqw
ehwzhhq dq| elgv rq wklv lqwhuydo1 Wkh surw ri edqn 5/ kdylqj uhfhlyhg dq lqfrqfoxvlyh
vljqdo dqg elgglqj rq Le fdq eh fdofxodwhg e| soxjjlqj wkh ixqfwlrqdo irupv ri Mcdqg1 8
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Dv uhtxluhg/ wklv grhv qrw ghshqg dq|pruh rq K Lq dgglwlrq wklv lv wkh srvwxodwhg htxloleulxp
surw/ zklfk suryhv sursrvlwlrq 91
Wkh deryh fdofxodwlrq krogv iru doo K Wklv phdqv wkdw li edqn 4 zrxog elg rq L zlwk wkh
vdph ixqfwlrqdo irup dv rq Lec edqn 5 zrxog dovr eh lqglhuhqw rq L 1 Krzhyhu iru K 5 L
wkh elg glvwulexwlrq ixqfwlrq M lv eljjhu wkdq wkh ixqfwlrqdo irup ri M rq Le1 Wkhuhiruh
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wkh suredelolw| wkdw edqn 4 lv zlqqlqj lv kljkhu rq L/ khqfh edqn 5*v surw lv orzhu wkdq li
lw zdv elgglqj rq wkh xsshu lqwhuydo Le1 Lw lv hdv| wr vhh wkdw elgglqj rq L dqg L2 lv vwloo
ohvv surwdeoh iru edqn 51
ll, jrrg vljqdo= Wkh surw ri Edqn 5/ kdylqj uhfhlyhg d jrrg vljqdo dqg elgglqj rq L
lv
Z
}
 EK ' EK 

E ^

 
K
EK 
n
 b^
EK  E ^b

+87,
'
  b
b
 +88,
Li lw lv fkrrvlqj elgv rq L2c lw lv qrw elgglqj djdlqvw edqn 4 li edqn 4 kdv qrw uhfhlyhg d
vljqdo E ehfdxvh M EK ' f/ exw djdlqvw edqn 4 li lw kdv uhfhlyhg d jrrg vljqdo1 Wkh surw
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Khqfh edqn wzr lv lqglhuhqw rq L2 ^ L Iru elgv lq Lec wkh vdph dujxphqw dv ehiruh
fdq eh dssolhg1 Wkh surorqjdwlrq ri wkh ixqfwlrqdo irup ri M rq L lqwr Le lv vpdoohu rq
Le wkdq wkh dfwxdo ghqlwlrq ri M rq Le Edqn wzr zrxog eh lqglhuhqw iru wkh ixqfwlrqdo
irup iurp Lc khqfh lw orrvhv zlwk wkh dfwxdo ghqlwlrq ri M rq Le
D15 Surri ri sursrvlwlrq:
Fdvh d, elgglqj rqo| zlwk jrrg vljqdov= Lq wklv fdvh wkh sd|r ixqfwlrqv 57 dqg
58 wdnh wkh irup=
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Vroylqj wklv jdph ohdgv wr
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Fdvh e, rqo| edqn 4 lv elgglqj zlwk jrrg dqg edg vljqdov Lq wklv fdvh wkh
htxdwlrqv 57 dqg 58 gr qrw uhdoo| frqvwlwxwh d jdph=
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Wkh upv* surw rqo| ghshqgv rq wkhlu rzq ghflvlrq1 Exw wkhq wkh vroxwlrq kdv wr eh
v|pphwulf zklfk lv lq frqwudglfwlrq wr ehlqj lq vlwxdwlrq e,1
Fdvh f, elgglqj zlwk jrrg dqg edg vljqdov Qrz wkh edqnv* surw 57 dqg 58 fdq
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D1514 Surri ri sursrvlwlrq BB dqg BB
Fdvh d, elgglqj rqo| zlwk jrrg vljqdov Lqvhuwlqj wkh elgglqj glvwulexwlrq BB ri
wkh ? frpshwlwruv lq BB/ dqg revhuylqj wkdw M EK ' f/ zh rewdlq dv wkh surw ri d edqn/
kdylqj uhfhlyhg d jrrg vljqdo dqg elgglqj lq wkh lqwhuydo
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Khqfh klv h{ dqwh h{shfwhg surw lv=
Z ' b^ Ef   E  ^?3
Elgglqj orzhu wkdq 
b
czloo ghfuhdvh wkh surw dv lw zloo qrw lqfuhdvh wkh suredelolw| ri
zlqqlqj frpsduhg wr elgglqj h{dfwo| dw 
b
c exw ghfuhdvh wkh lqwhuhvw udwh lq wkh fdvh ri
zlqqlqj1
Fdvh e, elgglqj iru jrrg dqg lqfrqfoxvlyh vljqdov= wkh lqglhuhqfh ri d edqn
kdylqj uhfhlyhg d jrrg vljqdo fdq eh fdofxodwhg dv deryh1 Soxjjlqj wkh htxloleulxp glvwul0
exwlrqv BB dqg BB ri wkh frpshwlwruv lqwr wkh surw ixqfwlrq BB/ vkrzv wkdw d edqn kdylqj
uhfhlyhg dq lqfrqfoxvlyh vljqdo lv lqglhuhqw rq wkh vxssruw dqg pdnlqj wkhuh }hur surwv1
Lw zloo pdnh orvvhv iurp elgglqj ehorz 	K?1
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^57` Pdwwkhzv/ V1 +4<;7,/ Lqirupdwlrq Dftxlvlwlrq lq Glvfulplqdwru| Dxfwlrqv/ lq Ed|hvldq
Prghov lq Hfrqrplf Wkhru|/ hglwhg e| P1 Er|hu dqg U1Nlovwurp/ Hovhylhu Vflhqfh Sxe0
olvkhu E1Y1/ Fkdswhu 44/ 4;5053:1
^58` Plojurp/ S1 dqg U1 M1 Zhehu +4<;5,/ D wkhru| ri dxfwlrqv dqg Frpshwlwlyh Elgglqj/
Hfrqrphwulfd/ 83=43;<044561
^59` Plwxvfk/ N1 +4<<;,/ Lqirupdwlrq Dftxlvlwlrq e| Plggohphq Glvfxvvlrq Sdshu/ Iuhlh
Xqlyhuvlwçw Ehuolq1
^5:` Prqwl/ P1 +4<:5,/ Ghsrvlw/ Fuhglw dqg Lqwhuhvw Udwh Ghwhuplqdwlrq xqghu Dowhuqdwlyh
Edqn Remhfwlyhv/ Lq= Pdwkhpdwlfdo Phwkrgv lq Lqyhvwphqw dqg Ilqdqfh/ hglwhg e| J1S1
V}hjr dqg N1 Vkhoo/ Dpvwhugdp Qruwk0Kroodqg1
^5;` RHFG +4<;<,/ Frpshwlwlrq lq Edqnlqj/ Rujdqlvdwlrq iru Hfrqrplf Fr0rshudwlrq dqg
Ghyhorsphqw/ Sdulv1
^5<` Sdjdqr/ P1 +4<<6,/ Ilqdqfldo Pdunhwv dqg Jurzwk= Dq Ryhuylhz/ Hxurshdq Hfrqrplf
Uhylhz/ 6:=94609551
^63` Shwhuvhq/ P1 dqg U1 Udmdq +4<<8,/ Wkh Hhfw ri Fuhglw Pdunhw Frpshwlwlrq rq Ohqglqj
Uhodwlrqvklsv/ Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 443/ +5,=73:07761
^64` Shwhuvhq/ P1 dqg U1 Udmdq +4<<7,/ Wkh Ehqhwv ri Ohqglqj Uhodwlrqvklsv= Hylghqfh
iurp Vpdoo Exvlqhvv Gdwd/ Mrxuqdo ri Ilqdqfh 7<=606:1
^65` Udmdq/ J1 +4<<8d,/ Frqyhqdqwv dqg Froodwhudo dv Lqfhqwlyhv wr Prqlwru/ Mrxuqdo ri
Ilqdqfh/ 83=44480447:1
5:
^66` Udmdq/ U1 dqg O1 ]lqjdohv +4<<;,/ Ilqdqfldo Ghshqghqfh dqg Jurzwk/ Dphulfdq Hfr0
qrplf Uhylhz/ ;;/ +6,=88<08;91
^67` Ulrugdq/ P1K1 +4<<6,/ Frpshwlwlrq dqg Edqn Shuirupdqfh= D wkhruhwlfdo Shuvshf0
wlyh/ Lq= F1Pd|hu dqg [1 Ylyhv/ hglwruv/ Fdslwdo Pdunhwv dqg Ilqdqfldo Lqwhuphgldwlrq/
Fdpeulgjh Xqlyhuvlw| Suhvv= 65;06761
^68` Urxvvhdx/ S1 O dqg S1 Zdfkwho/ +4<<;,/ Ilqdqfldo Lqwhuphgldwlrq dqg Hfrqrplf Shu0
irupdqfh= Klvwrulfdo Hylghqfh iurp Ilyh Lqgxvwuldol}hg Frxqwulhv/ Mrxuqdo ri Prqh|
Fuhglw dqg Edqnlqj/ 63/ +7,=98:09:;1
^69` Uxfnhv/ P1 +4<<;,/ Edqn Frpshwlwlrq/ Fuhglw Vwdqgdugv dqg Frusrudwh Frqvhuydwlvp/
Zrunlqj Sdshu Xqlyhuvlwçw Pdqqkhlp1
^6:` Vfkzlhwh/ P1 dqg M1 Zhljdqg +4<<:,/ Edqnehwhloljxqjhq xqg gdv Yhuvfkxogxqjvyhukdo0
whq ghxwvfkhu Xqwhuqhkphq/ Nuhglw xqg Ndslwdo/ 63 =40671
^6;` Vkdush/ V1 +4<<3,/ Dv|pphwulf Lqirupdwlrq/ Edqn Ohqglqj dqg Lpsolflw Frqwudfwv= D
Vw|ol}hg Prgho ri Fxvwrphu Uhodwlrqvklsv/ Mrxuqdo ri Ilqdqfh/ 78=439<043;:1
^6<` Ndqqldqlqhq/ Y1 dqg U1 Vwhqedfnd +4<<;,/ Surmhfw Prqlwrulqj lq Ohqglqj Pdunhwv zlwk
Dgyhuvh Vhohfwlrq/ Vzhglvk Vfkrro ri Hfrqrplfv/ Khovlqnl/ Plphr1
^73` yrq Wkdgghq/ H1 O1 +4<<7,/ Wkh Frpplwphqw ri Ilqdqfh/ Gxsolfdwhg Prqlwrulqj dqg
wkh Lqyhvwphqw Krul}rq/ Xqlyhuvlwçw Edvho/ Plphr1
^74` Vplwk/ W1 +4<<;,/ Edqnlqj Frpshwlwlrq dqg Pdfurhfrqrplf Shuirupdqfh/ Mrxuqdo ri
Prqh|> Fuhglw dqg Edqnlqj/ 63=:<60;481
^75` Zhlqvwhlq/ G1 H1 dqg \1 \dihk +4<<;,/ Rq wkh Frvwv ri d Edqn0Fhqwhuhg Ilqdqfldo V|v0
whp= Hylghqfh iurp wkh Fkdqjlqj Pdlq Edqn Uhodwlrqv lq Mdsdq/ Mrxuqdo ri Ilqdqfh/
86/ +5,=96809:51
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